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Abstract
In the paper we introduce the class of linear combinations of functions which are
subordinated to a convex function. Some relationships between this class and the
class of real-valued functions with bounded variation on [0, 2π ] are obtained. Next,
we deﬁne classes of functions associated with bounded Mocanu variation. By using
the properties of multivalent prestarlike functions, we obtain various inclusion
relationships between deﬁned classes of functions. Some applications of the main
results are also considered.
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1 Introduction
Let A denote the class of functions which are analytic in U := {z ∈ C : |z| < }, A := {f ∈
A : f () = }, and letAp (p ∈N := {, , . . .}) denote the class of functions f ∈A of the form
f (z) = zp +
∞∑
n=p+
anzn (z ∈ U ). ()












>  (z ∈ U ). ()
In particular, Sc :=M(), S∗ :=M() are the well-known classes of convex functions and
starlike functions, respectively.
It is clear that f ∈ Sc if and only if f is univalent in U and f (U ) is a convex domain. Also,
by Sc we denote the class of functions f ∈A which are univalent inU and f (U ) is a convex
domain.
We say that a function f ∈A is close-to-convex if there exists g ∈ Sc such that
Re
f ′(z)
g ′(z) >  (z ∈ U ).
We denote by CC the class of all close-to-convex functions.
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We say that f ∈A is subordinate to F ∈A, and we write f (z)≺ F(z) (or simply f ≺ F), if
there exists a function
ω ∈  := {ω ∈A : ∣∣ω(z)∣∣≤ |z| (z ∈ U )},
such that f (z) = F(ω(z)) (z ∈ U ). In particular, if F is univalent in U , we have the following
equivalence
f (z)≺ F(z) ⇐⇒ [f () = F()∧ f (U )⊂ F(U )].
Let h ∈ Sc, μ ≥ , and let us deﬁne
Kμ(h) :=
{
μq + ( –μ)q : q,q ≺ h
}
.




is the well-known class of Caratheodory functions.
Now we deﬁne generalizations of the classesM(α) and CC associated with functions of
bounded variation.
Let p ∈N, δ ∈R,φ,ϕ, ξ ∈Ap,
 = (φ,ϕ).We denote byMδμ(
, ξ ,h) the class of functions
f ∈Ap such that
( – δ) (ξ ∗ φ) ∗ f(ξ ∗ ϕ) ∗ f + δ
φ ∗ f
ϕ ∗ f ∈Kμ(h),
where ∗ denotes the Hadamard product (or convolution). Moreover, let us deﬁne
Mδμ(
,h) :=Mδμ(




































(z) (z ∈ U ).
Let μ = (μ,μ), μ,μ ≥ , h = (h,h) ∈ Sc ×Sc. We say that a function f ∈Ap belongs
to the class CMδμ(
, ξ ,h) if there exists g ∈Wμ (ϕ,h) such that
( – δ) (ξ ∗ φ) ∗ f(ξ ∗ ϕ) ∗ g + δ
φ ∗ f
ϕ ∗ g ∈Kμ (h).
Moreover, let us deﬁne CWμ(
,h) := CMμ(
, zp,h).
These general classes of functions reduce to well-known classes by judicious choices of
the parameters; see, for example, [–]. In particular, the class Mδμ(ϕ,h) contains the





 + z(ϕ ∗ f )
′′(z)
(ϕ ∗ f )′(z)
)
+ ( – δ)z(ϕ ∗ f )
′(z)
p(ϕ ∗ f )(z) ∈Kμ(h). ()
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It is related to the class of functions with bounded Mocanu variation deﬁned by Coonce
and Ziegler [] and intensively investigated by Noor et al. [–]. The classes
S∗p (α) := S∗p
( zp




, Scp := S∗p
(zp[p + ( – p)z]
p( – z) , 
)
are the classes of multivalent starlike functions of order α and multivalent convex func-
tions, respectively. Choosing parameters
φ(z) =
z
 – z , φ(z) =
z
( – z) , h(z) =
 + z
 – z (z ∈ U )
we obtain the well-known class Wμ(φ,h) of functions of bounded boundary rotation
(see, for example, [, , , , ]). Moreover, it is clear that





The main object of this paper is to investigate convolution properties related to the
prestarlike functions and various inclusion relationships between deﬁned classes of func-
tions. Some characterizations of the class Kμ(h) are also given.
2 Functions with bounded variation
By Mk (k ≥ ) we denote the class of real-valued functions m of bounded variation on







in terms of the Riemann-Stieltjes integral. It is clear thatM is the class of nondecreasing
functions on [, π ] satisfying () or, equivalently,
∫ π
 dm(t) = .
The class Mk is related to the class Kμ(h) with μ = k +  . Therefore, for the simplicity
of notation, we deﬁne
Pk(h) :=Kμ(h) (μ = k/ + /,k ≥ ).
From the result of Hallenbeck andMacGregor ([], p.), we have the following lemma.
Lemma  Let |c| ≤ , c = –, h(z) = +cz–z (z ∈ U ). Then q ≺ h if and only if there exists








dm(t) (z ∈ U ).
Theorem  The class Kμ(h) is convex.
Proof Let q, r ∈Kμ(h), α ∈ [, ]. Then there exist qj, rj ≺ h (j = , ) such that
q = μq + ( –μ)q, r = μr + ( –μ)r.
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Since
αq + ( – α)r = μ
(




αq + ( – α)r
)
and αqj + ( – α)rj ≺ h (j = , ), we conclude that αq + ( – α)r ∈Kμ(h). Hence, the class
Kμ(h) is convex. 
Theorem  If ≤ μ < λ, then Kμ(h)⊂Kλ(h).
Proof Let q ∈ Kμ(h). Then there exist q,q ≺ h such that q = μq + ( – μ)q. Thus, we
have




λ –  q +
μ – 
λ –  q
)
.
Hence, we get q˜ ≺ h and, in consequence, q ∈Kλ(h). 
Theorem  Let |c| ≤ , c = –, h(z) = +cz–z (z ∈ U ). Then q ∈Pk(h) if and only if there exists








dm(t) (z ∈ U ). ()
Proof Let q ∈ Pk(h). Then there exist q,q ≺ h such that q = ( k +  )q – ( k –  )q. Thus,























































we havem ∈Mk and consequently (). Conversely, let q ∈A satisfy () for somem ∈Mk .
If m ∈ M, then by Lemma  and Theorem , we have q ∈ P(h) ⊂ Pk(h). Let now m ∈
Mk \ M. Since m is the function with bounded variation, by the Jordan theorem there
exist real-valued functions μ,μ which are nondecreasing and nonconstant on [, π ]
such that
m = μ –μ,
∫ π










 , mj :=

αj
μj (j = , )
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we get m,m ∈M and
m = αm – αm. ()
Combining () and (), we obtain
α – α =
∫ π























∣∣dm(t)∣∣, ≤ λ ≤ k).


























dmj(t) (z ∈ U , j = , ).
Thus, by Lemma  and Theorem , we have q ∈Pλ(h)⊂Pk(h) and the proof is complete.

Let σh denote the conformal mapping which maps h(U ) onto  := {w ∈ C : Rew > }
with σh() =  and let D denote the set of analyticity of σh. Moreover, let us deﬁne
A˜ :=
{




q ∈ A˜ : σh ◦ q ∈Pk




Lemma  Let q ∈ A˜. Then q ∈K(h) :=K(h) if and only if∫ π

∣∣Re(σh ◦ q)(reit)∣∣dt = π ( < r < ). ()
Proof Let q ∈ A˜. Then, by the properties of subordination, we have
q ∈K(h) ⇐⇒ q≺ h ⇐⇒ σh ◦ q≺ σh ◦ h












z idz = π (σh ◦ q)() = π ( < r < ).
Thus, condition () is equivalent to Re(σh ◦ q)(z) >  (z ∈ U ) and by () we have, equiva-
lently, q ∈K(h). 
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Let H(D), SH(D) denote the classes of harmonic and subharmonic functions in the
domain D⊂C, respectively.
Theorem  Let q ∈ A˜. Then q ∈ P˜k(h) if and only if
∫ π

∣∣Re(σh ◦ q)(reit)∣∣dt ≤ kπ ( < r < ). ()
Proof Let q ∈ P˜k(h). Then there exist q,q ≺ +z–z such that σh ◦ q = ( k +  )q – ( k –  )q.
Hence, by Lemma  we have
∫ π












∣∣Req(reit)∣∣dt = kπ ( < r < ).
To obtain the converse, suppose that q ∈ A˜ satisﬁes (). By Lemma  we can assume
k > . If we put







}≥  (z ∈ U ),











dt ≥  (|z| ≤ r < , τ ∈ {+,–}),
then the functions Fτ , V τr (τ ∈ {+,–}) are nonconstant and
F ∈H(U ), V +r ,V–r ∈H(Ur), F+,F– ∈ SH(U ),
F = F+ – F–, |F| = F+ + F–, V τr (z) = Fτ (z)




Fτ (z),V τr (z)
}
= V τr (z)
(|z| ≤ r, r ∈ (, ), τ ∈ {+,–}),
max
{




Fτ (z) : |z| = r}
≤ max{Fτ (z) : |z| ≤ R} (r ≤ R < , τ ∈ {+,–}).
Therefore, the functions
Gτr (z) :=
⎧⎨⎩V τr (z), |z| < r,Fτ (z), r ≤ |z| <  (r ∈ (, ), τ ∈ {+,–}),
are continuous subharmonic functions in U and the families {G+r : r ∈ (, )}, {G–r : r ∈
(, )} are locally uniformly bounded. Hence, if we deﬁne
Gτ (z) := sup
{








z ∈ U , τ ∈ {+,–}),
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then
Gτ ∈ SH(U ), Gτr ,Gτ ∈H(Ur)
(
r ∈ (, ), τ ∈ {+,–})
and, in consequence, G+,G– ∈H(U ), G+,G– > . Moreover, by () we get
F(z) =G+r (z) –G–r (z)
(|z| ≤ r, r ∈ (, )),∣∣F(z)∣∣ =G+r (z) +G–r (z) (|z| = r, r ∈ (, )). ()
Therefore, we have
































Now, we consider functions q,q ∈A such that
Reqj(z) =Gj(z) >  (z ∈ U , j = , ).
Then q,q ≺ +z–z and by () we obtain
σh ◦ q = αq – αq. ()














 , ≤ λ ≤ k.
Therefore, by () and Theorem , we have q ∈ P˜λ(h) ⊂ P˜k(h), which proves the theo-
rem. 
If h(z) = +(–a)z–z , σh(z) =
z–a
–a (z ∈ U , a = ), then P˜k(h) = Pk(h). Thus, by Theorem  we
get the following result.
Corollary  [] Let q ∈A, h(z) = +(–a)z–z , a = . Then q ∈Pk(h) if and only if () holds.
Remark  Theorem  and Theorem  give relationships between the class Pk(h) and
classes investigated by Paatero [], Pinchuk [], Padmanabhan and Parvatham [] and
Moulis [] (for the precise relationships, see Dziok []).
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The ﬁrst-order diﬀerential subordination
q(z) + zq
′(z)
βq(z) + γ ≺ h(z) ()
is called the Briot-Bouquet diﬀerential subordination. This particular diﬀerential subor-
dination has a surprising number of important applications in the theory of analytic func-
tions (for details, see []). In particular, Eenigenburg, Miller, Mocanu and Reade []
proved the following result.
Lemma  Let h ∈ Sc, β ,γ ∈C, and Re(βh(z) + γ ) >  (z ∈ U ). If q ∈A satisﬁes the Briot-
Bouquet diﬀerential subordination (), then q≺ h.
For β =  we can extend this result.
Theorem  Let q ∈A, Reγ > . If
q(z) + γ zq′(z) ∈ Kμ(h), ()
then q ∈ Kμ(h).
Proof From () there exist q,q ≺ h such that
q(z) + γ zq′(z) = μq(z) + ( –μ)q(z) (z ∈ U ). ()
Let q˜, q˜ be the solutions of the Cauchy problems
q˜(z) + γ z˜q′(z) = q(z), q˜() = ,
q˜(z) + γ z˜q′(z) = q(z), q˜() = ,
respectively. Then, by () we have q = μ˜q + ( – μ)˜q. Moreover, by Lemma  we get
q˜, q˜ ≺ h. Therefore, q ∈ Kμ(h) and the proof is completed. 
A more general problem can be formulated as the following problem.
Problem  Let Re(βh(z) + γ ) >  (z ∈ U ). To verify the following result: if q ∈A satisﬁes
q(z) + zq
′(z)
βq(z) + γ ∈Kμ(h),
then q ∈Kμ(h).
Remark  The result from the problemwas used in some papers (see, for example, [, ,
] and []). It is clear, by Theorem , that the result is true for β = , but for β =  it is
the open problem.
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3 Properties of multivalent prestarlike functions
Let α < p. We say that a function f ∈Ap belongs to the classRp(α) ofmultivalent prestar-
like functions of order α if
f (z) ∗ z
p
( – z)(p–α) ∈ S
∗
p (α).
It is easy to verify that
Rp(α) =W
( zp
( – z)(p–α) ,




The classR(α) :=R(α) is the well-known class of prestarlike functions of order α intro-
duced by Ruscheweyh [].
We denote the dual set of V ⊂A by V∗ := {q ∈A : (r ∗ q)(z) =  (r ∈ V , z ∈ U )}. More-
over, let us deﬁne
T (β) :=
{ ( + xz)
( + yz)β : |x| = |y| = 
}
(β ≥ ),
H := [T ()]∗, Hk := {qk : q ∈H} (k ≥ ),
F (,λ) :=
{




> –λ (z ∈ U )
}
,
F (k,β) := {rq : r ∈Hk and q ∈F (,β – k)} (≤ k ≤ β).
It is clear that
V ⊂ V ⇒ V∗ ⊂ V∗ ()
and
≤ k ≤ β ≤ β ⇒ F (k,β)⊂F (k,β). ()
In proving our main results, we need the following lemmas.
Lemma  [] Let w be a nonconstant function meromorphic in U with w() = . If
∣∣w(z)∣∣ =max{∣∣w(z)∣∣; |z| ≤ |z|}
for some z ∈ U , then there exists a real number k (k ≥ ) such that zw′(z) = kw(z).




 for β = ,
Re f (z) >  for β = 
(z ∈ U ),
where
fβ (z) = f (z) ∗ ( – z)–β (z ∈ U ).
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Lemma  ([], p.) Let β ≥ . If f , g ∈ [T (β)]∗, then f ∗ g ∈ [T (β)]∗.
Lemma  ([], p. and p.) If β ≥ , then [F (,β)]∗ = [T (β)]∗.
Lemma  ([], p.) Let β ≥ , f ∈ [T (β)]∗, g ∈F (,β – ), q ∈A. Then
f ∗ (qg)
f ∗ g (U )⊆ co
{
q(U )}, ()
where co{q(U )} denotes the closed convex hull of q(U ).
From Lemma  and deﬁnitions of the classes Rp(α), S∗p (α) and F (α,β) we obtain the
following two results.
Lemma  A function f belongs to the classRp(α) if and only if
f (z)
zp ∈
[T (p +  – α)]∗.
Lemma  A function f belongs to the class S∗p (α) if and only if
f (z)
zp ∈F (, p – α).
Using Lemmas  and , we have the following theorem.
Theorem  If f , g ∈Rp(α), then f ∗ g ∈Rp(α).
Theorem  If α ≤ α < p, then
Rp(α)⊂Rp(α). ()
Proof By condition () we have
F (, p +  – α)⊂F (, p +  – α).
Thus, by () and Lemma , we obtain
[T (p +  – α)]∗ = [F (, p +  – α)]∗ ⊂ [F (, p +  – α)]∗
=
[T (p +  – α)]∗,
and by Lemma  we get the inclusion relation (). 
Making use of Lemmas -, we get the following theorem.
Theorem  Let f ∈Rp(α), g ∈ S∗p (α). Then () holds for q ∈A.
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For complex parameters a, b, c (c = ,–,–, . . .), the hypergeometric function
F(a,b; c; z) is deﬁned by





zn (z ∈ U ),
where
(λ)n :=
⎧⎨⎩ (n = ),λ(λ + ) · · · (λ + n – ) (n ∈N)
is the Pochhammer symbol. Next, we deﬁne
ϕp(a,b; c)(z) := zpF(a,b; c; z) (z ∈ U ).
In particular, the function
lp(a, c)(z) := ϕp(a, ; c)(z) (z ∈ U ) ()
will be called the multivalent incomplete hypergeometric function.
Theorem  If either
Rea≤ Re c, Ima = Im c and (p +  – a – c)/≤ α < p ()
or




≤ α < p, ()
then
lp(a, c) ∈Rp(α). ()
Proof Let () hold true. By Theorem  it is suﬃcient to prove () for α =  (p+–a–c).
It is easy to show that
ϕp(a,b; c) = lp(a, c) ∗ ϕp(,b; )
and
ϕp(; p – α; )(z) =
zp
( – z)(p–α) (z ∈ U ).
Thus, condition () is equivalent to ϕp(a,b; c) ∈ S∗p (α), where b = a + c –  > . Using the





> –b (z ∈ U ),
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 –ω(z) (z ∈ U ) ()
is bounded by  inU . If this is false, we ﬁnd z ∈ U such that |w(z)| = , |w(z)| <  (|z| < |z|).
According to Lemma , there exists k ≥  such that
zw′(z) = kw(z), w(z) = eiθ . ()
Taking the logarithmic derivative of (), we get
zF ′′(z)
F ′(z) =
(b + )ω(z) – 
 –ω(z) +
zω′(z)
[ –ω(z)]ω(z) (z ∈ U ). ()
The hypergeometric function F satisﬁes the Gaussian hypergeometric diﬀerential equa-
tion
z( – z)F ′′ +
[
c – (a + b + )z
]
F ′ – abF = .
Therefore, by () and (), we obtain
zA(z) = B(z) (z ∈ U ), ()
where
A(z) = a +
(




ω(z), B(z) = ω(z)
[zω(′z)
ω(z) + c –  + (b +  – c)ω(z)
]
.
Thus, by () we have
A(z) = a + (k –  + c)eiθ , B(z) = k –  + c + aeiθ .
Since A(z) = eiθB(z), we have |A(z)| = |B(z)|. Furthermore, A(z) =  under restrictions




( – z)a (z ∈ U )
belongs to the class S∗p (p – a )⊂ S∗p (p – c ) and lp(a, c) ∗ lp(c, ) = lp(a, ). Thus, by the deﬁ-
nition of the classRp(α) and Theorem , we have lp(a, c) ∈Rp(p – c )⊂Rp(α). 
Remark  The results related to multivalent prestarlike functions were obtained in the
submitted paper []. Since the paper has not been accepted for publication so far, these
results are presented with the proofs.
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4 Themain inclusion relationships
From now on we make the assumptions:
Reh(z) > α, Rehj(z) > α (z ∈ U , j = , ). ()




)⊂ S∗p (α) and Wμ(ϕ,h)⊂ S∗p (ϕ,α). ()
Lemma  If ≤ λ < δ, then
Mδ(ϕ,h)⊂Mλ (ϕ,h)⊂W(ϕ,h).
Proof Let f ∈Mδ(ϕ,h) and let
q(z) := z(ϕ ∗ f )
′(z)




q(z) = Lδ(f )(z) (z ∈ U ),








Thus, by Theorem  we get Lλ(f )≺ h or, equivalently, f ∈Mλ (ϕ,h). 




Wμ(ϕ,h)⊂Wμ(ψ ∗ ϕ,h). ()
Proof Let f ∈Wμ(
,h)∩Wμ(ϕ,h). Then there exist ω,ω ∈  such that
φ ∗ f
ϕ ∗ f = μ(h ◦ ω) + ( –μ)(h ◦ ω)
and F = ϕ ∗ f ∈Wμ(h)⊂ S∗p (α). Thus, applying the properties of convolution, we get
(ψ ∗ φ) ∗ f
(ψ ∗ ϕ) ∗ f = μ
ψ ∗ [(h ◦ ω)F]
ψ ∗ F + ( –μ)
ψ ∗ [(h ◦ ω)F]
ψ ∗ F . ()
By Theorem  we conclude that
qj(z) :=
ψ ∗ [(h ◦ ωj)F]




ω(U ))}⊂ h(U ) (z ∈ U , j = , ).
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Therefore, qj ≺ h and by ()we have f ∈Wμ(ψ ∗
,h), which proves the inclusion (). To
prove (), we assume that f ∈Wμ(ϕ,h). Then f ∈Wμ((φ,ϕ),h), where φ(z) = zpϕ′(z) (z ∈
U ). Thus, by () we obtain that f ∈Wμ((ψ ∗ φ,ψ ∗ ϕ),h). Since (ψ ∗ φ)(z) = zp (ψ ∗ ϕ)′(z)
(z ∈ U ), we have f ∈Wμ(ψ ∗ ϕ,h), which proves () and completes the proof. 




, ξ ,h), ()
Mδ(ϕ,h)⊂Mδ(ψ ∗ ϕ,h). ()
Proof LetMδμ(
, ξ ,h)∩Wμ(
,h). Then, applying Theorem  and Theorem , we obtain
f ∈Wμ(ψ ∗ 
,h) and f ∈Wμ(ξ ∗ ψ ∗ 
,h) or, equivalently,
q :=
φ ∗ ψ ∗ f
ϕ ∗ ψ ∗ f ∈Kμ(h), q :=
ξ ∗ φ ∗ ψ ∗ f
ξ ∗ ϕ ∗ ψ ∗ f ∈Kμ(h).
Since the class Kμ(h) is convex by Theorem , we conclude that
( – δ)ξ ∗ (ψ ∗ φ) ∗ f
ξ ∗ (ψ ∗ ϕ) ∗ f + δ
(ψ ∗ φ) ∗ f
(ψ ∗ ϕ) ∗ f ∈Kμ(h).
Thus, we have f ∈ Mδ(ψ ∗ 
, ξ ,h) and, in consequence, we get (). From () and
Lemma  we have (). 
Theorem  Let ψ , ξ ∈Rp(α), ≤ δ ≤ . Then
CWμ(
,h)⊂ CWμ(ψ ∗ 
,h), ()
CMδμ(
, ξ ,h)∩ CWμ(
,h)⊂ CMδμ(ψ ∗ 
, ξ ,h). ()
Proof Let f ∈ CWμ(
,h). Then there exist g ∈Wμ (ϕ,h) and ω,ω ∈  such that
φ ∗ f
ϕ ∗ g = μ(h ◦ ω) + ( –μ)(h ◦ ω).
Since F = ϕ ∗ g ∈ S∗p(α), applying the properties of convolution, we obtain
(ψ ∗ φ) ∗ f
(ψ ∗ ϕ) ∗ g = μ
ψ ∗ [(h ◦ ω)F]
ψ ∗ F + ( –μ)
ψ ∗ [(h ◦ ω)F]
ψ ∗ F . ()
Analysis similar to that in the proof of Theorem  gives
(ψ ∗ φ) ∗ f
(ψ ∗ ϕ) ∗ g ∈Kμ (h).
Moreover, by Theorem  we have g ∈Wμ (ψ ∗ ϕ,h) and, in consequence, f ∈ CWμ(ψ ∗

,h). This proves (). To prove () we assume that f ∈ CMδμ(
, ξ ,h) ∩ CWμ(
,h).
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Then, applying () and Theorem , we obtain f ∈ CWμ(ψ ∗




ψ ∗ φ ∗ f
ψ ∗ ϕ ∗ g ∈Kμ (h), q :=
ξ ∗ ψ ∗ φ ∗ f
ξ ∗ ψ ∗ ϕ ∗ g ∈Kμ (h).
Since the class Kμ (h) is convex by Theorem , we conclude that
( – δ)ξ ∗ ψ ∗ φ ∗ f
ξ ∗ ψ ∗ ϕ ∗ g + δ
ψ ∗ φ ∗ f
ψ ∗ ϕ ∗ g ∈Kμ (h).
This gives () and completes the proof. 
Combining Theorems - with Theorem , we obtain the following corollary.
Corollary  If either () or (), then
Wμ(ϕ,h)⊂Wμ
(

















Moreover, if ξ ∈Rp(α) and ≤ δ ≤ , then
Mδ(ϕ,h)⊂Mδ
(












, ξ ,h)∩ CWμ(
,h)⊂ CMδμ
(




Since lp(a, c) ∗ lp(c,a) ∗ φ = φ, by Theorem  we obtain the next result.

































)∩ CWμ(lp(c,a) ∗ 
,h)⊂ CMδμ(
, ξ ,h).
Let us deﬁne the linear operators Jλ :Ap −→Ap, J×λ :Ap ×Ap −→Ap ×Ap,
Jλ(f )(z) := λ
zf ′(z)
p + ( – λ)f (z),




(z ∈ U , Reλ > ).
()
Dziok Journal of Inequalities and Applications 2013, 2013:349 Page 16 of 20
http://www.journaloﬁnequalitiesandapplications.com/content/2013/1/349
Since Jλ(ϕ) = lp( pλ + ,
p
λ
) ∗ ϕ, putting a = p
λ
, c = p
λ
+  in Corollary , we have the following
corollary.




































In particular, for λ = , we get the following corollary.































′(z), ξ ,h)∩ CWμ(p–z
′(z),h)⊂ CMδμ(
, ξ ,h).
5 Applications to classes deﬁned by linear operators
The classes Mδμ(
, ξ ,h) and CMδμ(
, ξ ,h) generalize well-known important classes,
whichwere investigated in earlier works.Most of these classes were deﬁned by using linear
operators and special functions.








For complex parameters a, . . . ,aq and b, . . . ,bs (q, s ∈ N) such that akAk ,
bk
Bk = ,–,–, . . . ,
we deﬁne the Fox-Wright generalization of the hypergeometric function by
qs
[
(a,A), . . . , (aq,Aq);






(a +An) · · ·(aq +Aqn)
(b + Bn) · · ·(bs + Bsn)
zn
n! (z ∈ U ). ()
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If An =  (n = , . . . ,q) and Bn =  (n = , . . . , s), then we obtain the generalized hypergeo-
metric function
qFs(a, . . . ,aq;b, . . . ,bs; z) := ωqs
[
(a, ), . . . , (aq, );
(b, ), . . . , (bs, );
z
]
(z ∈ U ),
where
ω = (b) · · ·(bs)
(a) · · ·(aq) . ()
Moreover, in terms of Fox’s H-function, we have
qs
[
(a,A), . . . , (aq,Aq);






∣∣∣∣ ( – a,A), . . . , ( – aq,Aq)(, )( – b,B), . . . , ( – bs,Bs)
]
.
Other interesting and useful special cases of the Fox-Wright function deﬁned by () in-





n!( + ν +μn) (z ∈ U )
which, for μ = , corresponds essentially to the classical Bessel function Jν , and the gener-





(ν + λn) (z ∈ U ).
For real numbers λ, t (λ > –p), we deﬁne the function




(a,A), . . . , (aq,Aq)











zn (z ∈ U ).
It is easy to verify that
aζ (a + ,b, t) = Azζ ′(a;b, t) + (a – pA)ζ (a,b, t), ()
bζ (a,b, t) = Bzζ ′(a,b + , t) + (b – pB)ζ (a,b + , t),
(p + λ)ζ (a,b, t + ) = zζ ′(a,b, t) + λζ (a,b, t),
ζ (a,b, t) = lp(a, c) ∗ ζ (c,b, t) (A = ), ()
ζ (a, c, t) = lp(b, c) ∗ ζ (a,b, t) (B = ),
where lp(a, c) is deﬁned by ().
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, CV(a,b, t) := CWμ
(
ζ (a,b, t),h).
By using the linear operator
p[a,b, t]f = ζ (a,b, t) ∗ f (f ∈Ap) ()
we can deﬁne the class V(a,b, t) alternatively in the following way:
f ∈ V(a,b, t) ⇐⇒ aA
p[a + ,b, t]f (z)
p[a,b, t]f (z)
+ p – aA
∈Kμ(h).
Corollary  If p –Rea/A ≤ α < p,m ∈N, then
V(a +m,b, t)⊂ V(a,b, t), CV(a +m,b, t)⊂ CV(a,b, t). ()
Proof It is suﬃcient to prove the corollary form = . Let Jλ and ζ (a,b, t) be deﬁned by ()
and (), respectively. Then by () we have ζ (a + ,b, t) = J pA
a
(ζ (a,b, t)). Hence, by using
Corollary , we conclude that
Wμ
(




ζ (a + ,b, t),h)⊂ CWμ(ζ (a,b, t),h).
This clearly forces the inclusion relations () form = . 
Analogously to Corollary , we prove the following corollary.
Corollary  Let m ∈N. If p –Reb/B ≤ α < p, then
V(a,b, t)⊂ V(a,b +m, t), CV(a,b, t)⊂ CV(a,b +m, t).
If –Reλ ≤ α < p, then
V(a,b, t +m)⊂ V(a,b, t), CV(a,b, t +m)⊂ CV(a,b, t).
It is natural to ask about the inclusion relations in Corollaries  and  whenm is positive
real. Using Theorems  and , we shall give a partial answer to this question.
Corollary  If lp(a, c) ∈Rp(α), then
V(c,b, t)⊂ V(a,b, t), CV(c,b, t)⊂ CV(a,b, t) (A = ), ()
V(b,a, t)⊂ V(b, c, t), CV(b,a, t)⊂ CV(b, c, t) (B = ). ()
Proof Let us put ψ = lp(a, c), ϕ = ζ (c,b, t). Then, by Theorem , Theorem  and rela-




)⊂Wμ(ζ (a,b, t),h), CWμ(ζ (c,b, t),h)⊂ CWμ(ζ (a,b, t),h).
Thus, we get the inclusions (). Analogously, we prove the inclusions (). 
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Combining Corollary  with Theorem , we obtain the following result.
Corollary  If either () or (), then the inclusion relations () and () hold true.
The linear operator p[a,b, t] deﬁned by () includes (as its special cases) other linear
operators of geometric function theory which were considered in earlier works. In par-
ticular, the operator p[a,b, ] was introduced by Dziok and Raina []. It contains, as
its further special cases, such other linear operators as the Dziok-Srivastava operator, the
Carlson-Shaﬀer operator, the Ruscheweyh derivative operator, the generalized Bernardi-
Libera-Livingston operator (for the precise relationships, see Dziok and Srivastava ([],
pp.-)). Moreover, the linear operator p[a,b, t] includes also the Sălăgean operator, the
Noor operator, the Choi-Saigo-Srivastava operator (for the precise relationships, see Cho
et al. []). By using these linear operators, we can consider some subclasses of the classes
V(a,b, t), CV(a,b, t), see for example [–, –, , , , , –]. Also, the obtained
results generalize several results obtained in these classes of functions.
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